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Abstract 

In this paper we consider pseudo-bihermitian structures - pairs 
of complex structures compatible with pseudo-Riemannian metrics. 
We establish relations of these structures with generalized (pseudo-) 
Kahler geometry and holomorphic Poisson structures similar to that 
in the positive definite case. We provide a list of compact complex 
surfaces which could admit pseudo-bihermitian structures and give 
examples of such structures on some of them. We also consider a na- 
turally defined null plane distribution on a generalized pseudo-Kahler 
4-manifold and show that under a mild restriction it determines an 
Engel structure. 

1 Introduction 

Bihermitian structures have recently received a serious attention due to 
their relations to supersymmetric sigma models in theoretical physics and 
generalized geometry. However one of the reasons they were introduced 
in [3] was the observation that the self-dual component of the Weyl ten- 
sor of an oriented Riemannian 4-manifold determines a restriction on the 
number of (local) complex structures compatible with the metric and the 
orientation. The possibilities are 0, 1, 2, or oo, if we consider as one the 
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structures differing by sign. The bihermitian structures thus arise naturally 
on 4-manifolds with 2 different (up to sign) compatible complex structures. 
About 15 years earlier than the paper [3j, these structures appeared in 
the physics literature [12], where the target spaces of the sigma-models 
with (2, 2)-sypersymmetry were identified with Riemannian manifolds with 
2 compatible complex structures satisfying additional differential restric- 
tions. An impulse for development of this topic in geometry and string 
theory was the interpretation of bihermitian structures in terms of the so- 
called generalized Kahler structures [HI |16] , the latter being equivalent to 
the (2, 2)-supersymmetric sigma models in [12]. This interpretation brought 
an important new viewpoint for studying deformations of such structures 
and led to a number of new examples [T7t [Tl] . 

On a pseudo-Riemannian 4-manifold of neutral signature (+, +, — , — ) 
there are analogs for most of the notions in the Riemannian case. In par- 
ticular, one can consider compatible complex structures and there is a good 
notion of self-duality, unlike in the Lorentzian case. Many results in the 
neutral setting are similar to results in the Riemannian case but there are 
also important differences. In this note we develop the notion of a pseudo- 
bihermitian structure which was considered also in the physics literature, 
see [13]. We show that, in the same way as in the Riemannian case, it can 
be related to (twisted) generalized pseudo-Kahler structures (Section 3) as 
well as to holomorphic Poisson structures (Section 4). As a byproduct of 
Example 1 in Section 4 we also obtain that any holomorphic line bundle 
on the 3-dimensional complex flag manifold is a holomorphic Poisson mod- 
ule with respect to a Poisson structure of a special type. In Section 5 we 
provide a list of all compact complex surfaces which might carry pseudo- 
bihermitian structures. It contains the list of bihermitian surfaces obtained 
in [3] and the examples given in Proposition 6 are "complementary" to the 
bihermitian ones. While any Kodaira surface does not admit generalized 
Kahler structures [H [5] , it admits a generalized pseudo-Kahler structure, as 
it is shown in Section 5 by means of a construction in [201IT6] . We consider 
also some other differences between the Riemannian and the neutral setting. 
The first one is related to the basic observation that on a 4-dimensional vec- 
tor space two complex structures J+ and J_ with the same orientation are 
compatible with a positive-definite inner product iff J+J_ + J-J+ = 2pld 
for a constant p with \p\ < 1. The same holds for structures compatible 
with a split-signature inner product, but this time \p\ > 1. The difference 
appears when the above identity is considered globally on a 4-manifold. 
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If p is a function with \p\ < 1 at each point, then there always exists a 
unique conformal class of positive-definite metrics compatible with J+ and 
J_. However we show in Section 5 that there are compact 4- manifolds ad- 
mitting two such structures J+ and J_ with |p| > 1 at every point which are 
not compatible with a global pseudo-Riemannian metric, despite the fact 
that locally such a metric always exists. Another difference comes from the 
fact that there is a naturally defined null-plane distribution on any pseudo- 
bihermitian manifold, which is totally real with respect to both complex 
structures. We show in Section 6 that under a mild restriction this distri- 
bution is an Engel structure, which is a good analog of a contact structure 
in dimension four [28] . 
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the Institute of Mathematics and Informatics at the Bulgarian Academy of 
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2 Preliminaries 

An almost para-hypercomplex structure on a smooth 4-manifold M (also 
called an almost complex product [IJ or a neutral almost hypercomplex struc- 
ture [11]) consists of three endomorphisms Ji, J2, J3 of TM satisfying the 
relations 

-/l =-^2 =-^3 =-M JlJ2 = -J2Jl = J3 (1) 

of the imaginary units of the paraquaternionic algebra (split quaternions). 
A metric g on M is called compatible with the structure {Ji, J2, J3} if 

g{J^X, J,Y) = -g{J2X, J^Y) = -g{JsX, J^Y) = g{X, Y) (2) 

(such a metric is necessarily of neutral signature (+,+,—,—)). In this 
case we say that {g, Ji, J2, J3} is an almost para-hyperhermitian structure. 
For any such a structure we define three 2- forms Qi setting Qi{X,Y) = 
g{JiX, Y), i = 1,2, 3. If the Nijenhuis tensors of Ji, J2, J3 vanish, the struc- 
ture {g, Ji, J2, J3} is called para-hyperhermitian. When additionally the 
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2-forms Qi{X,Y) = g{JiX,Y) are closed, the para-hyperhermitian struc- 
ture is called para-hyperkahler (also called hypersymplectic [TS] and neutral 
hyperkahler [TT|). 

Hypercomplex or para-hypercomplex structures can be obtained in the 
following way. Consider a 4-manifold with two complex structures J+ and 
J_ such that 



e.g. [I3]). Thus the complex structures J+ and J_ are compatible with a 
positive definite metric. 

If IpI > 1 at every point, then 



form an almost para-hypercomplex structure |T3]. Hence by [9] there is a 
locally defined metric compatible with the structure {J^, K, S}. It is clear 
that the structure J_ is also compatible with this metric. Conversely, if the 
structures J+ and J_ are compatible with a pseudo-Riemannian metric g, 
so will be K and S, hence g is of neutral signature. Note that, unlike the 
positive definite case, given J_|_ and J_, such a metric may not exist globally 
(see Example 3 in Section 5). 

It follows from the above discussion that if \p\ 7^ 1 at every point, then 
J+ and J- yield the same orientation. This is a consequence from the 
well-known fact that two non-coUinear (almost) complex structures on a 
4-manifold both compatible with a pseudo-Riemannian metric determine 
opposite orientations exactly when they commute. 

If J_|_ 7^ ±J_ are complex structures on a 4-manifold compatible with 
a pseudo-Riemannian metric g and if they yield the same orientation, then 
{g, J+, J_) is said to be a pseudo-bihermitian structure. Such a structure is 
called strict if 7+ 7^ ±J_ at every point. 

Note that if {g, J+, J_) is a pseudo-bihermitian structure, then J_|_ and 
J„ satisfy identity with p = —^g{J+, J_). 

The following lemma is well-known in the positive definite case. For the 
neutral case it is stated in |T3] and proved in |2l] for generalized Kahler 
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structures. For the sake of completeness we provide a new proof, which 
works both in the positive and neutral-signature cases. 

Lemma 1 Let J+ and J_ be complex structures on a A-manifold such that 
J+J_ + J_J+ = 2pld for p — const and \p\ > 1. Then {J+,K,S} is a 
para-hypercomplex structure. 

Proof: We have to prove that the almost product structures K and S 
are integrable. To do this we shall use a local neutral metric g compatible 
with the structure {Jj^^, K, S}. Then J_ is also compatible with g and 
p = —^g{J^, J ). Denote by the Kahler 2-form of {g,J±). Then a 
standard formula for the Hermitian structure {g, J±) gives: 

g{{VxJ±){Y),Z) = {VxF^){Y,Z) = 

1 (4) 
-{dF^{J±X, Y, J^Z) + dF^{J±X, J±Y, Z)), 

where V is the Levi-Civita connection of g. 

Since the dimension of the manifold is four, there is a unique 1-form 9± 
(the Lee form) such that dF^ = 6± A F^. Then 

g{i^xJ±){Y),Z) = g{X,Z)0^iJ^Y)-g{J^X,Z)0^{Y) 

-g{X,Y)e±{J^Z) - g{J^X,Y)e±iZ) 

It follows that 

2X{g{J+,J_)) = 2g{VxJ+,J-) + 2g{J+,VxJ-)^ 
-e+([J+,J_]X) + e_([J+,J_]X) 

Thus 

2d(^( J+, J_)) = -{9+ - e_) o [J+, J_] (5) 

In view of the identity 2p = —g{J+,J_), the condition p = const leads 
to 9+ — 9- since [J+, J_] = 2yp2 _ IX ^ at every point. Then usmg 

the identity S — (J_ +pJ+) we see that the fundamental 2-form 

VP^ - 1 

F^ of S* is a linear combination of F~ and F^ with constant coefficients. 
Hence dF^ = 9+ A F^ , so the Lee form of {g,S) is 9+. Let F^ be the 
fundamental 2-form of (^f, K) and denote its Lee form by 9^. Take a g- 
orthogonal basis of tangent vectors {Ei, E2,E^, E^} with | jFil p = | IF2I p = 



5 



1, ll^slp = = -1- Set Ei = \ \Ei\\^, i = 1,2,3,4. Then the identities 

dF^ = 9^ AF^ and 

give 

4 

e'^iZ) = -Y.^,[g{{VE.K){E;),KZ). 

1=1 

for any tangent vector Z. Since K = —J^S, we have 
4 4 

e'^iz) = -J2e^[9i{^EM{SE,),j+sz) - J2e^[9{{^E.sm),sz). 

1=1 i=l 

Using (jl]) and the fact that dF^ = /\ F^ one can easily see that the 
first term on the right-hand side vanishes. The second term is 6^{Z). Thus 
6^ = 9^ = 9^, therefore the structures K and S are integrable, see 
q.e.d. 



3 Generalized pseudo-Kahler structures 

Recall that a if-twisted generalized complex structure on a smooth manifold 
M is an endomorphism I of the bundle TM © T*M satisfying the following 
conditions: 

(a) /2 = -Jci, 

(b) I preserves the natural metric 

<X + e,r + r/>=i(e(F)+r7(X)), X,YeTM, ^,veT*M 

(c) the -|-i-eigensubbundle of / in (TM ©T*M)(8>C is involutive with respect 
to the if-twisted Courant bracket defined by 

[X + ^,Y + r]]H = [X, Y] + LxV - Ly^ - \{dixTl - diyC) + lyixH, 

where if is a closed 3-form. 

The integrability condition (c) is equivalent to vanishing of the Nijenhuis 
tensor 

Nh{A,B) = [A,B]h-[IA,IB]h+I[IA,B]h+I[A,IB]h, A,B e TM(BT*M. 
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The space of 2-forms Q^{M) acts on TM®T*M as e^(X+0 = X+^+ixh 
for any h G VL^{M). Then the Courant bracket satisfies [e^{A),e^{By\H = 
[A,B]H+db- In particular if / is a generahzed complex structure, integrable 
with respect to the if- twisted Courant bracket, then J = e~^Ie^ is a gen- 
eralized complex structure, integrable with respect to the {H — (ife)-twisted 
Courant bracket. So whenever H is exact, H = dh for some 2- from 6, 
the structure I is called untwisted since the structure J is integrable with 
respect to the Courant bracket with vanishing 3-form. 

Following M.Gualtieri [16] we introduce the following: 

Definition 1 A (twisted) generalized pseudo-Kdhler structure is a pair of 
commuting (twisted) generalized complex structures Ji, /2 : T®T* — )■ T®T* , 
such that the ±l-eigenspaces L"^ of G = /1J2 are transversal to T and the 
canonical inner product onT ®T* is non- degenerate on L"^ . 

Using the same proof as in [16], we have 

Theorem 2 A H-twisted generalized pseudo-Kdhler structure on a man- 
ifold M is equivalent to a quadruple {g, Jj^-, J-,b) , where g is a pseudo- 
Riemannian metric, J+ and J_ are g-hermitian complex structures, and b 
is a 2-form such that d^F^ = —d~F~ = H + dh, where F"^ is the Kdhler 
form of {g, J±) and d"^ is the imaginary part of the d- operator for J±. 

4 Holomorphic Poisson structures 

In this section we prove an indefinite analog of the well-known result [20] 
that a generalized Kahler manifold carries a holomorphic Poisson structure. 
In fact, we have the following slightly more general result. 

Theorem 3 Let {M,g) be a pseudo-Riemannian manifold and let J+, J_ 
be two complex structures on M compatible with g and such that d^F^ = 
—d~F~. Then M admits a J ^-holomorphic Poisson structure which van- 
ishes zff[J+,J-] = 0. 

Proof: Let 11 be the bivector field on M determined by the endomor- 
phism [J_|_, J_] — zJ+[J+, J_] of T'^M and the complex bilinear extension 
of g. We shall prove that 11 is a holomorphic Poisson field. To show that 
n is holomorphic we shall use the Chern connection of the pseudo- 
Hermitian structure {g,J^). It is defined by the identity g{D'^Y,Z) = 
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g{W Z) — ^dF^{J±X, Y, Z) where V is the Levi-Civita connection of g. 
As in the positive case, is a Hermitian connection such that the restric- 
tion of its (0, 1) part on the holomorphic tangent bundle is the 9-operator 
of J+. 

In view of (gD and the identity d^F^{X, Y, Z) = -dF^{J±X, J±Y, J±Z), 
we have 

2g{iDp^)iY), Z) = 2(?(D+ J_r, Z) + 2g{D+^Y, J^Z) = 
2g{{VxJ-){Y),Z) -dF+{J+X,J^Y,Z) -dF+{J+X,Y,J^Z) = 
dF-{J^X, Y, J_Z) + dF-{J_X, J_Y, Z) 

-dF+{J+X, J^Y, Z) - dF+{J+X, Y, J_Z) = 
d-F-{X, J_Y, Z) + d-F~{X, Y, J_Z) 

+d+F+{X, J+J_Y, J+Z) + rf+F+(X, j+r, J+J_Z) 

Thus 

2g{{Dj,J_){Y), Z) = -d+F+{X, J_Y, Z) - d+F+{X, F, J_Z) 

+d^F^{X, J+J.Y, J+Z) + d+F+{X, J+Y, J+J_Z) 

(6) 

The 3-form rf+F"'" has no (3, 0) and (0, 3)-components, so 

d+F+{A,B,C) = 

d+F+{J+A, J+B, C) + J+A 5, J+C) + d+F+{A, J+B, J+C) 

Applying this identity to the last two terms in we get 

2g{{D+J_){Y), Z) = -d+F+{J^X, J^Y, J+Z) - d+F+{J+X, J+J^Y, Z) 
-d+F+{J+X, r, J+J_Z) - d+F+{J+X, J+Y, J_Z) 

(7) 

Set Q = [J+, J_]. Then, since D^J^ = 0, we have 

2gi{Dj,Q)iY), Z) - ^Q)(F), J+Z) = 

-g{{D],J^m, J+Z) - g{{Dp^){J^Y), Z) 

-g{{DXxJ~m. Z) + g{{D]^^J^){.UY), J^Z) 

Applying ([6]) to the first and the second term, and ([7]) to the third and the 
fourth term, we easily get 



8 



z) - g{{DXxQ){y). J+z) = O (8) 

As in [3] and [20], consider the form Q{X,Y) = g{QX,Y). The (1, l)-part 
of this form with respect to J_|_ vanishes since 

n{J+X, J^Y) = -g{JlJ^J+X, Y) - g{J-JlX, J+Y) = 

giJ-J+X, Y) + g{J.X, J+Y) = -n{X, Y). 

Then the (0, 2)-component of Vt is 

i[fi(X, Y) - n{J+X, J+Y)] + l^[n{J+X, Y) + Q{X, J+F)] = 

l[n{X, Y) + zn{X, J+Y)] = i[^7(gX, Y) + igiQX, J+Y)] = y{U, XAY) 

(9) 

It follows that n is of type (2, 0) with respect to J_|_. Moreover, we have 
9{Dj,^u,x^,Y A Z) = 2{D^^,j^^n(^^')){Y,Z) = 
[g{{D+Q){Y), Z) + ig{{D\Q){Y), J+Z)] 

+i[g{{DXxQ){y), Z) + ig{{D]^^Q){Y), J+Z)] = 
[(7((D+g)(F), Z) - g{{DXxQm, J+Z)] 

+z[g{{Dj,Q){Y), J^Z) + g{{DXxQW). Z)] 

Hence, by ([H]), g{D+^^j^xIi,Y A Z) = for every X,Y,Z e TM. This 
shows that D^_^-j^j^Il = 0, therefore 11 is a holomorphic section of the 
anti-canonical bundle A^T^^-^^M of (M, J+). 

To prove that the Schouten-Nijenhuis bracket [11, 11] vanishes we note 
first that it is enough to show that [i^ell, i^ell] = 0. Indeed, since 11 
is holomorphic, it is easy to see in local holomorphic coordinates that 
[IT, n] = 0. Note also that [ReU, ImU] = [ImU, ReU] since ReU and ImU 
are of degree 2. Thus we have = [11,11] = [i?en,i?en] + [/mil, /mil]. 
Suppose that [/^ell, ReU] = 0. Then we get [/mil, ImU] = 0, hence 
[n, n] = 2i[ReIl, ImU]. Because [11,11] is of type (3,0) and purely imag- 
inary, we conclude that [11, 11] = 

According to (Q , the endomorphism Q of TM corresponds to the bivec- 
tor field ReU via the metric g. Then, in view of Proposition 1.9], the 
equality [ReU, ReU] = is equivalent to 

(Sg{{WQxQ){Y),Z) = 0, 
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where <3 means the cychc sum over X, Y, Z and V is the Levi-Civita connec- 
tion of g. To prove the latter identity we use the fact that the Levi-Civita 
connection V and the Chern connection of {g, J^) are related by 

g{VxY, Z) = giD+Y, Z) - ^f/+F+(X, J+F, J+Z). 
Set P = J+J- + Then, by ([6]) we have 

2gi{VxQ){Y), Z) = 2g{{yxQY, Z) + 2g{y xY, QZ) = 
2g{{D+Q){Y), Z) - d+F+{X, J+QY, J+Z) - d+F+{X, J+Y, J+QZ) = 
d+F+{X, PY, Z) + d+F+(X, Y, PZ) 

+2(i+F+(X, J_r, J+Z) + 2d+F+{X, J+Y, J_Z). 

(10) 

Therefore 

2<S>g{{VQxQ){Y), Z) = (S[d^F^{QX, PY, Z) + d+F+{QX, Y, PZ) 

+2d+F+(QX, J_F, J+Z) + d+F+{QX, J+Y, J_Z)] 

Using the skew-symmetry of d'^F'^, it is easy to see that 

&[d+F+{QX, PY, Z) + d+F+{QX, Y, PZ)] = 

2(5[d+F+{J+J.X, J+J_Y, Z) - d+F+{J^J+X, J^J+Y, Z)]. 

We have = -d~ F~ , so is of type (2, 1) + (1, 2) for both J+ and 

J_. Therefore 

5, C) = &d+F+{J+A, J+B, C) = ed+F+{J_A, J^B, C). 

It follows that 
(5g{{VQxQ)iY),Z) = 

(5[d+F+{J+J_X, J+J-Y, Z) - d+F+{J_J+X, J-J+Y, Z) 
d+F+{J+J^X, J_Y, J+Z) - d+F+{J_J+X, J_Y, J+Z) 
d+F+{J+J^X, J+Y, J^Z) - d+F+{J^J+X, J+Y, J^Z)] = 

(5[d+F+{J^X, J^Y, Z) - d+F+{J+X, J+Y, Z) 
d+F+{J^X, J_Y, Z) - d+F+{J+X, Y, J+Z) 
d^F+{J_X, r, J_Z) - d+F+{J+X, J+Y, Z)] = 

3[rf+F+(X, Y, Z) - d+F+(X, Y, Z)] = 0. 
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This proves that [i^ell, ReU] = which imples, as we have mentioned, 
that [n, n] = 0, i.e. 11 is a Poisson field. 

One can also prove that the field 11 is Poisson using the fact that the 
2- vector corresponding to the endomorphism J+ + J_ is Poisson [25] and its 
(2, 0)-part is a constant multiple of 11. q. e. d. 

A holomorphic Poisson structure on a complex surface is merely a holo- 
morphic section of its anti-canonical bundle. Using this fact N.Hitchin |2U] 
proposed a simple way for constructing generalized Kahler structures on 
Del Pezzo surfaces. A different approach by M. Gualtieri based on the 
notion of generalized complex branes extends this construction to higher- 
dimensional Fano manifolds. Here, we state a modification of his result 
which can be proved in the same way as [TTl Theorem 7.1] 

Theorem 4 Let L he a holomorphic line bundle on an n- dimensional com- 
pact complex manifold M with holomorphic Poisson structure a such that 
C\{Ly^ 7^ 0. Let {go, Jq) be a pseudo-Kdhler structure with Kahler form 
Fq e Ci(L). Consider a and Fq as homomorphisms a : (T^M)* — )■ T^M 
and Fq : T'^M — (T^M)*, and suppose that the following conditions are 
satisfied: 

(i) (J o Fq = dX^'^ for some (1,0) vector field X^'^; 

(a) [ReX^'^,Im(7] = for the Schouten-Nijenhuis bracket. 

Then the choice of a Hermitian structure on L with curvature Fq de- 
termines a family of generalized pseudo-Kdhler structures {gt, Jt, Jo) with 
Jt = 0*(Jo) for a 1-parameter group of diffeomorphisms (j)t such that Jt = Jq 
for t ^ only at the poins of M where cr = 0. 

Using Theorem 4 or the construction in [21] one expects to produce 
examples of generalized pseudo-Kahler structures on ruled surfaces over a 
Riemann surface of genus greater than one. For example, consider a ruled 
surface M over a curve C of genus g > 1 obtained as a projectivization of a 
vector bundle V of degree degiV) < 2 — 3g. Its anti-canonical bundle has a 
nowhere- vanishing holomorphic section s and a choice of a Hermitian metric 
on it will produce a curvature 2-form Fq = dd'^log\s\'^ . Suppose that Fq is 
non-degenerate at each point. Then Theorem 4 and [21] produce general- 
ized pseudo-Kahler structure with non-trivial canonical bundle. Note that 
when V = (B £^ is decomposable, the admissible metrics on M considered 
in [2] define Hermitian metrics on the anti-canonical bundle of M which 
are candidates to provide such Fq. However one can check that none of 
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these metrics has a non-degenerate Ricci tensor. In case deg{V) > 2 — 2g, 
there are metrics with this property but there is no holomorphic Poisson 
structure. So it is an open question whether any ruled surface admits a 
generahzed pseudo-Kahler structure. Note that R. Goto [15] has recently 
constructed positive definite generalized pseudo-Kahler structures on some 
of these surfaces using more general deformations of Kahler Poisson struc- 
tures [2] than that considered in [T7]. However this approach is based on 
elliptic methods and can not be adapted directly to the pseudo-Riemannian 
case. 

Example 1. Consider the complex fiag manifold Fl = {{L,V)\ G L C 
V C C^,dimL = l,dimV = 2}. It can be embedded into CP^ x CP^ as 
the quadric Fl = {{xq, xi,X2; yo, yi, 1/2) e CP^ x CP^| xqI/o + xiyi + X2y2 = 
0}. Let u be the Kahler form of the standard Kahler structure on CP^ 
normalized so that u be integral. Denote by pi and p2 the projections of 
CP^ X CP^ onto the first and the second factor. Set ui = plu and 002 = P2^- 
The restrictions of these forms to Fl will be denote by the same symbols. 
We claim that there are integers a and h with afe < and a -|- 6 7^ such 
that F = auJi + bu2 is a non-degenerate form on FL. Suppose that for every 
such a and b the form F = aui + buj2 is degenerate at some point of Fl. 
The group U{3), embedded diagonally in f/(3) x f/(3), acts transitively and 
holomorphically on Fl and the form F is invariant under this action. It 
follows that F degenerates at every point of Fl. This implies that the top 
degree F^ vanishes since degF = 2. We have uf = {p*uj^)\Fl = for i = 1,2. 
Therefore F^ = 3ab{aul A CJ2 + ^'^i A Thus auj A U2 + bui A U2 = 
for every two integers a and b with ab<0, a + b^O. It follows that 
Luf AU2 = and A a;| = 0. Then (wi + ^2)^ = ^{(^1 AU2 + UJ1 A U2) = 0. 
But the latter identity does not hold since Ui + U2 is the Kahler form of Fl, 
a contradiction. This proves our claim. Fix integers a and b with ab < 0, 
a + 6 7^ for which Fq = aui + buj2 is non-degenerate. Then Fq determines 
a pseudo-Kahler metric on Fl. Since the form Fq is integral, it determines 
a Hermitian holomorphic line bundle L on Fl with curvature Fq. It is not 
hard to see that Ci(L)^ 7^ 0. Indeed, Ci(L)^ is represented by the form Fq, 
so if Ci(L)^ = 0, this form is exact. Since F^ is invariant under the action of 
f/(3), we have Fq = Xivolume) for some constant A. Integrating the latter 
identity over Fl we get A = 0, so Fq = 0. This implies auj'lAu2+bujiAuj2 = 0. 
Let ip : Fl ^ Fl he the holomorphic map defined by V'(H5 [v]) = {[y]y N)- 
It clear that ip*uji = 002 and %Ij*uj2 = oui. Therefore = 'il'*{aujf Au2 + bui A 



12 



a;|) = aui A + buf A U2. Then (a + b){ijjj A UJ2 + oJiAf) — and we 
get the identity (cui + 002)^ = 3(a;^ A 0^2 + <^iA|) = which is not true. It 
follows that that Ci(L)^ 7^ 0. Now we want to define a holomorphic Poisson 
structure on Fl as cr = Zi A Z2 for two commuting holomorphic vector 
fields. Let Zi and Z2 be the fields on CP^ x CP^ generated by the complex 1- 
parameter groups {xq, Xi, X2; yo, yi, z/2) (e*Xo, e"*Xi, X2; e~*yo, e%, y2) and 
(xo,Xi,a;2;|/o,?/i,Z/2) (e*Xo, a;i, e-*a:2; e'Vo, Z/i, 6*1/2), respectively. Clearly 
Zi and Z2 are commuting holomorphic vector fields tangent to Fl. Then 
Zi A Z2 is a holomorphic Poisson structure on Fl. To show that Fl admits 
a generalized pseudo-Kahler structure it remains only to check conditions 
(i) and [ii] in Theorem 4. Denote by X the holomorphic vector field on 
CP^ generated by the group {XQ. X1. X2) (e*xo, e^*xi, X2). Then Zi — 
{X o —X o p2)- Similarly Z2 = (Y o pi, —Y o ^2) where Y is the vector 
field on CP^ generated by the group {xq,xi,X2) —f (e*xo, Xi, e^*X2) The bi- 
vector filed r = X A F is a holomorphic section of the anti-canonical bundle 
of CP^. Set / = Injlrlp where the norm is taken with respect to metric 
yielded by the normalized Fubini-Study metric g of CP^. We claim that, 
although / is defined only out of the zero set of r, the functions Xf and 
Y f are globally defined and smooth. To check this we use the standard 
coordinates of CP^. For the coordinates zi — —., Z2 — —,sei 

Xq Xq 

^""^ = 5iT^22 - ISisl'- 

Then ||r|p = 4|^i^2|^G(2) and we have 

^ d d d ^ d d 

X = -2Zi- ^2^, Y = -Z2-^, T = 2ZiZ2T^ A—, 

OZi OZ2 OZ2 OZi OZ2 

In G(z) In G(z-) In G(z) 

X/ = -3-2^i— -i^-^2^-^, Yf^-l-Z2^^. 

OZi OZ2 OZ2 

Xq X2 , 

In the coordmates u\ — — , U2 — — we have 

Xi Xi 

d d d d d 

X = 2ui- h U2T;—, Y = -U2^—, T = -2uiU2Tr- A — , 

OUi OU2 OU2 OZi OZ2 

OUi OU2 OU2 



(12) 
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Finally, in the coordinates wi = — , ^2 = — we have 

d d d d ^ d d 

X=Vi- V2 — , Y = Vi- hf2T^, ^ = 2t;if2 7^ A — , 

OVi OV2 OVi OV2 OVi OV2 ^.-j^g-j 

InG'(^) lnG(„) InG'(^) lnG'(„) 

Xf=Vi— f2^ , Yf = 2 + Vi— V2^ . 

OVi OV2 OVi OV2 

It follows from f lTTj) . f lT2|) . (1131) that r vanishes on the analytic set C = {[a;] G 
CP^ : XQX1X2 = 0} and that X/, F/ can be extended to smooth functions 
on a neighborhood of every point of C. Since CP^ \ C is dense, we see that 
X/, Y f can be extended to unique smooth functions on the whole space 
CP^. We shall denote the extensions by the same symbols. Identities ( 1TT|) . 
(|T2|) . ( IT3|) imply also that if C = (Cij C2) is a standard coordinate system of 
CP^ we have drf^ln||r||2 = dd^lnG(^) on CP^ \ C. Therefore dd^\n\\T\\^ 
on CP^ \ C is the Ricci from of the standard Kahler structure on CP^. As 
it is well-known, the Ricci form of this structure is equal to 3 times the 
Kahler form. Thus, since we are working with the normalized Kahler form, 
we have dd'^ In | |r| p = 3Aa; where A > is a constant. Hence, for k = 1,2, 
dd^ilnWrW^ o p,^) = SXploo = SXuk on the set M = {(xq, Xi, X2; ?/o, Z/i, ^2) e 
CP2 X CP2| xoXiX2yoyiy2 7^ 0}. Thus on M we have 

{ZiAZ2)oFo = ^ {Zi A Z2) {a dd%\n\\T\\^op^) + bdd' (In \\t\\^op2)) (14) 
3A 

Now we need the following 

Lemma 5 Let U and V he commuting holomorphic vector fields on a com- 
plex manifold and ip a smooth function on the manifold. Then 

(U AV)o dd^^ = id{{Uip)V - {Vip)U). 

Proof We use the identity d'^ = \{id — id) and the fact for any (0, l)-vector 
field Z, [U, = to calculate 

2{dd'ip){U, Z) = iU(d^{Z)) + iZ{d^{U)) - id^{[U, Z\) = 
iUZ^p + iZU^p - \U, Z\lp = 2iZU^, 

so 

ijjdd'^ip = id{Uip). 
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From here 

{U AV)o dd^^ = ludd^^ ®V - lydd^^ ®U = id{U^) ®V - id{V^) ® U 

id{{U^)V - {y^)U). 

Q. E. D. 

It follows from f lT^ and Lemma E] that if we set 
X^'O = l^{[a{Xf)op, - biXf)op,]Z, - [aiYf)op, - opjZj 

where / = In ||r|p as above, we have {Zi A Z2) o Fq = dX^'^ on the open 
set M. This identity holds everywhere since the vector field is smooth 
on CP^ X CP^ and M is dense. Thus condition [i) of Theorem 4 is satisfied 
for a = Zx f\ Zi- To show that condition iii) also holds, we note that 

[X^'O, A Z2] = -^{a([X,r]/) opi + op2}^i A = 



since [X, Y\ = 0. The function / is real-valued, so Xf = Xf, Yf = Yf 
and we have 



[Xi.o, Z, A Z2] = ^H[X, Y]f) o p, + b{[X, Y]f) o p,}Zx A = 0. 

Using the identities [X, X] = [F, Y] = [X, F] = [X, Y] = 0, it is easy to see 
that 

[X^'°, Zi A Z2] - [XT^, Zi A Z2] = 0. 

It follows that [ReX^'°,Im{Zi A Z2)] = 0. Then, by Theorem 4, the flag 
manifold Fl admits a generalized pseudo-Kahler structure. Note that Fl 
admits also a usual generalized Kahler structure |14j . 

Corollary 6 Any holomorphic line bundle on the 3- dimensional flag mani- 
fold Fl carries a structure of holomorphic Poisson module with respect to the 
holomorphic Poisson structure Ui A U2 defined by commuting holomorphic 
vector fields Ui and U2- 

Proof: 

First we notice that any two commuting vector fields on Fl span a 
maximal torus in the algebra s/(3, C) of the holomorphic vector fields on Fl 
and all such tori are conjugate in the group of biholomorphisms. So we may 
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assume that the vector fields in the Corollary are and Z2 above. Denote 
by K the canonical bundle of CP^. It is well known that every holomorphic 
line bundle over Fl is of the form Lmn = yP*-^ + f ^2-^ where m,n & Z. 
If we consider K with the metric induced by the normalized metric of CP^, 
the curvature form of K with respect to its canonical connection is equal 
to the Kahler form u. Therefore the form ^plu + ^P2UJ = + 
represents the first Chern class of Lmn- Denote this form by F and set 
a = ZiA Z2. We have seen above that there is a (1, 0)-vector field such 
that o-oX^'O = dX^'° and [X^'°, a] = 0. Now the Corollary follows from [HI 
Proposition 10] since the first Chern class of Lmn coincides with its Atiyah 
class. 

5 The four-dimensional case 

In dimension four, a pseudo-hermitian metric is either positive (negative) 
definite or of signature (2,2). Using the results in Section 4 we shall prove 
the following: 

Theorem 7 Let {M, g, J^, J_) be a compact pseudo-bihermitian 4-Tnanifold. 

i) Ifd'^F^ = —d^F^, then (M, J^) (and (M, J J) ) is one of the following 
complex surfaces: a complex torus, a K3 surface, a primary Kodaira surface, 
a blow-up of a surface of class VIIq, a ruled surface described in with 
X±r divisible by 4, where x o.iT'd t are the Euler characteristic and the 
signature of M . 

a) If the bihermitian structure is strict, then {M,J^) (and {M,J_)) is 
one of the following: a complex torus, a K3 surface, a primary Kodaira 
surface, a properly elliptic surface of odd first Betti number, a Hopf surface, 
a minimal Inoue surface without curves. 

Proof: According to Theorem [31 in part i) there is a non-zero holomor- 
phic section of the anti-canonical bundle of (M, J_|_). Such surfaces with 
even first Betti number are described in [7] and they exhaust the first four 
cases in i). The restriction on x^'^ the last case comes from Matsushita's 
topological condition for existence of a split-signature metric [2^1- For the 
case of surfaces with odd first Betti number, we notice that the proof of 
Proposition 2.3 in [8] shows that either the Kodaira dimension of (M, J+) 
(and (M, J_)) is —00 or its canonical bundle is holomorphically trivial. 
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Then the Kodaira classification of minimal compact complex surfaces (B] 
leads to the list in i). 

Part a) follows from the fact that the canonical bundle is topologically 
trivial in the case of strictly pseudo-bihermitian surfaces, since the 2-form 
given by (|9]) provides a non-vanishing section. So one can use the 
well-known list of the surfaces with vanishing first Chern class q- e. d. 

Remarks. 1. Notice that by Lemma 2.1 in [7] if a compact complex surface 
is not minimal and has a nowhere-vanishing holomorphic section of the 
anti-canonical bundle, then its minimal model also admits such a section. 
Moreover the dimension of the space of holomorphic sections decreases by at 
most one after a blow-up. It keeps the same dimension only if the blow-up is 
at a base point of the anti-canonical linear system. This leads to additional 
restrictions on the possible blow-ups of surfaces in case i), but we shall not 
discuss this question here. 

2. There are generalized pseudo-Kahler manifolds {M, g, J^) so that 
J+ and J_ induce opposite orientations. In the four dimensional case such 
structures commute. In any dimension, for a generalized pseudo-Kahler 
manifold with commuting J_|_ and J_, the same reasoning as in [5] shows 
that the holomorphic tangent bundle of (M, J+) splits in a sum of two 
holomorphic subbundles. Conversely, if the holomorphic tangent bundle of 
a compact complex surface (M, J) splits, then by |5] there is a generalized 
(pseudo) Kahler structure J+, J_) such that J+ = J and [J+, J_] = 0. 

Example 2. It have been observed in [3l [161 ED] that one can explicitly 
define a generalized Kahler structure by means of a hyperkahler structure. 
Given a para-hyperkahler structure, a similar construction can be applied to 
obtain a generalized pseudo-Kahler structure. Let {g, Ji, J2, J3} be a para- 
hyperkahler structure on a 4-manifold M with Jf = — J| = — J| = —Id and 
J3 = Ji-h- We would like to construct two commuting generalized almost 
complex structures Ji and I2 following [20]. To do this we need complex 
valued 2-forms /3i and /32 on M which satisfy 

(A - 1^2? = - J2f = 0, /3i ^ /32, Pi^j2 at every point. (15) 

We set exp(/3fc) = l + /3fc + i/3|, = 1,2, and (X + O- exp(/3fc) =ixeMh) + 
i A exp(/3fc) for X + ^ G TM © T*M (the Clifford action of TM © T*M 
on the forms). Then Ek = {A e {TM ®T*Mf \ v4.exp(/3fc) = 0} is 
the +i-eigenspace of a generalized almost complex structure Ik- If Pk is 
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closed, Jfc is Courant integrable [MlEn]- It is shown in [201 Lemma 1] that 
Ii and I2 commute. Moreover, Ei r\ E2 ® Ei r\ E2 is the (— l)-eigenspace 
of /1J2 and El n E2 (B El n E2 is the (+l)-eigenspace. Note also that 
EinE2 = {U - luPi I U e T^M, luPi = IUP2] ([iO]). Thus, for A = 
U - iu(3i E EiH E2, B = V - iv(3i E EiH E2, we have 

<A + A,B + B>= -Re{{Pi-Wi){U,V)} = -i?e{(/32 - ^)(f/, F)} 

= -i?e{(/3i-^)(f/,F)} 

(16) 

Now, given a para-hyperkahler structure {g, Ji, J2, J3} on a 4-manifold M, 
set J+ = Ji and J_ = aJi + 6J2 + cJs where a, b, c are fixed numbers such 
that — 6^ — = 1 and a ^ 1. Then J+ and J_ are complex structures 
compatible with the metric g satisfying the identity 

J+J- + J_J+ = -2ald. (17) 

As in Section 2, set 

K = J^ [J+, J-], 5+ = -^^(J_ - aJ^) 
2y a-^ — 1 y — 1 

Then {g, Jj^, K, S^} is a para-hyperhermitian structure with 5*+ = J^K. 
Let F+(X, r) = g{J+X, F), F^(X, F) = g{KX, Y) and u;'(^, = 9{S+X, Y) 
be the corresponding fundamental 2-forms. Similarly, if 

S- = J-— {J+-aJ^), 
\/ — 1 

then {^f, J_, SJ\ is a para-hyperhermitian structure with 5*- = J^K. We 
denote the fundamental 2-forms of J_ and S- by F~ and cu", respectively. 
Set 

a;+ = + w", a;. = cu' — w". 

Then 



u;+(X,F) = ./^(^(J+X- J_X,F) = ./^(F+(X,F)-F-(X,r)) 



'a + 


1 


a — 


1^ 


/a- 


1 


1 1 y 



uj-{XX) = \l^g{J+X + J_X,Y) = ^-_(F+(X,F) + F-(X,F)) 



'a + 


1 

— 1 


a — 




/a- 


1 

1 
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In particular, the forms and are closed since and F~ are so. 
Identity flTU]) implies that V[J+, J_] = 0, thus V/T = 0. Therefore the form 
is also closed. Now, similar to [16] we set 

/3i = F^ + ^cj+, 132 = -F"" + zoo.. 

Conditions (fT5|) for these forms are equivalent to 

F^io+ = F^io. = io+uj, =ujI + uj^_- 4{F^y = 0. (19) 

Let X be a tangent vector with g{X, X) = 1. Then {X, J+X, KX, S+X} is a 
(yf-orthonormal basis of tangent vectors. Using (|T7I) . (|T8|) and the paraquater- 
nionic identities, it is easy to see that 

uj±{X, J+X) = -uj±{KX, S+X) = ^y^^^, 
uj±{X, KX) = uj±{S+X, J+X) = 
uj±{X, S+X) = uj±{J+X, KX) = T{a ± 1). 

These identities imply that 

A uj+){X, J+X, KX, S+X) = 4(a + 1), 
A iO-){X, J+X, KX, S+X) = -4(a - 1), 
{uj+ A a;_)(X, J+X, iTX, 5+X) = 0, (F^ A a;±)(X, J+X, isTX, S+X) = 0. 

We also have (F^ A F^)(X, J+X, KX, S+X) = 2. It follows that identities 
(IT^ are satisfied. 

The identity /3i - /Jg = + i{uj+-uj-) imply that a vector U e T^M 
satisfies ^c/(/3l — /32) = if and only if 

- IfsTf/ + iJ+U - iaJ^U = 0. (20) 

Thus Fi n ^2 = {f/ - I U G T'^M, f/ satisfies ([20])}. Let L" be the 
(— l)-eigenspace of /1/2 acting on TM © T*M. Any X + ,^ G can be 
written asX + ^ = t/ + F where U = 1{X + iY) e Ei n E2, Y e TM, and 
^ = zu/3i — ijjPi. In this notation, fl20]l is equivalent to 



v/^^^irx - j+r + a j_r = 

, (21) 

^^d^^KY + J+X - aJ_X = 0. 
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In fact, either of these identities is a consequence of the other one. For every 
V =^{Z + iT) e Elf] E2, we have 



i?e(A - (3^m V) = J ^^[giJ+X - J_X, T) - g{.UY - J^Y, Z)] 



J+T - J_T) + g{J+Y - J_Y, Z)]. 



Applying K to the second identity of fl2Tl) we get a? — \Y = S-^-X — aS-X . 
This gives 



^/d^^J^Y = -KX + X + J+J_X, 



It follows that 



a - 1 



- l(J+r - J_r) = (a - l)(a + 2)is:x + , X. 

ya? — l 



Similarly, 



- 1(J+T - J_T) = (a - l)(a + 2)/rZ + ^ ^ Z 

Va^ — 1 



Then 



(a - l)/?e(/3i - /3i)(f/, V^) = - J ^^?(^, (22) 

V a + 1 

Suppose that < X + ^, A >= for every A G . Take any Z G TM 
and set 

T= (a2-l)-i/2[5+Z-a5_Z]. 
Then V = \{Z + iT) satisfies (l20l) . Indeed we have 

A/a2^irZ - J+T + a J_T = 

- IKZ - , ^ {-KZ - aJ+S-Z) + , " (J_g+Z + afsTZ) = 
V — 1 V — 1 

^ :(2a2irz + a{J+S^Z + J_5+Z)) = ^ ^ (2a^i^Z - '^'^^ ' 



^ -.{2a^KZ -2a^KZ) = 
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Moreover, 



Va2 - IKT + J+Z - aJ_Z = KS+Z - aKS^Z + J+Z - aJ^Z = 0. 

Thus V G Eif\E2 and, by our assumption, (fT6i) and (122|) . we have g{X, Z) = 
0. Since the latter identity holds for every Z, we conclude that X = 0. 
Then r = (a^ - l)-^/^[S+X - aS.X] = 0, hence f/ = 0, thus C = ^c//9l - 
^cj/^i = 0. This proves that the canonical inner product on TM © T*M is 
non-degenerate on L~. Moreover, the inclusion TM fl G Ei (1 E2 and 
identity f l20|l imply that TM fl = {0}. Similar arguments show that the 
metric < . , . > is non-degenerate on the (+l)-eigenspace L"*" of /1/2 and 
TMnL"*" = {0}. Thus /i, I2 is a generalized pseudo-Kahler structure on M. 
We can deform this structure using arbitrary smooth function / on M. Let 
Ht be the flow of the F^-Hamiltonian vector field idfF^, so Hl{F^) = F^ . 
Define 

71 = + i{uj' + H^u"), 72 = -i""" + ^{UJ' - H^uj"). 

Then 71 - 72 = + 2iff;a;" = H;{2F^ + 2zw") = - /^a) and 

7i — 72 = /3i — /Sg. It follows that for small t, the forms 71 and 72 define a 
generalized pseudo-Kahler structure . 

Finally, let us note that a generalized pseudo-Kahler structure can be 
explicitly define by means of the pseudo-Kahler structures {g, J+), {g, J J) 
and dSl (6.14)]. 

These constructions can be applied to 4-tori and primary Kodaira sur- 
faces since each of these surfaces admits a para-hyperkahler strucure (see, 
for example [221 123] ■ Recall that the Kodaira surfaces do not admit any 
(positive) generalized Kahler structure [U [5] . 

Example 3. Any para-hyperhermitian structure which is locally confor- 
mally para-hyperkahler can be deformed as in [3] to obtain a strictly pseudo- 
bihermitian structure. The universal cover of the locally conformally para- 
hyperkahler manifold M is globally conformally para-hyperkahler. The de- 
formation is performed on its para-hyperkahler structure such that Ht is 
invariant with respect to the fundamental group of M. Then one obtains a 
generalized pseudo-Kahler structure which after a (global) conformal change 
descends to a pseudo-bihermitian structure on the quotient. In particular, 
there are pseudo-bihermitian metrics on properly elliptic surfaces of odd 
first Betti number and the Inoue surfaces of type p!Oj. These surfaces 
do not admit any (positive) bihermitian structure. On the other hand the 
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quaternionc Hopf surfaces admit both bihermitian and pseudo-bihermitian 
structures since they have both hyperhermitian and para-hyperhermitian 
metrics [10]. They also have bihermitian metrics arising from twisted gen- 
erahzed Kahler structures, however it is not clear whether these surfaces 
admit twisted generalized pseudo-Kahler structures. The same question is 
open for K3 surfaces too. 

Notice that the above constructions of bihermitian and pseudo-bihermitian 
structures produce "complementary" examples to the surfaces in the lists 
in Theorem 5. We summarize the examples obtained so far in: 

Proposition 8 Generalized pseudo-Kdhler structures exist on complex 2- 
tori and primary Kodaira surface. Pseudo- bihermitian structures exist also 
on the quaternionic Hopf surfaces, properly elliptic surfaces with odd first 
Betti number and Inoue surfaces of type S'^ . 

Example 4 Here we provide examples of complex structures J+ and J_ 
satisfying the relation J_|_J_ + J_J+ = 2pld for a nonconstant function 
p with \p\ > 1, which are not compatible with any global neutral metric. 
Consider Example 2 above in the case of a complex torus which is a product 
of 2 elliptic curves. It admits a holomorphic involution without fixed 
points, such that the quotient is a smooth complex surface. This surface 
is called a hyperelliptic surface of type /„. One can check that the natural 
para-hypercomplex structure of the torus descends to a para-hypercomplex 
structure on the factor, but it admits no compatible para-hyperhermitian 
metrics [TU]. In particular, one can fix a para-hyperkahler family of (p- 
invariant complex structures on the torus and can deform any two structures 
of this family via the procedure described in Example 2. The Hamiltonian 
deformations Ht are defined by a single function and if one chooses this 
function to be 0-invariant, then both {J+)t = J+ and (J-)t are 0-invariant 
for all t. Since they satisfy the relation above for small t, they descend 
to structures which satisfy the same identity on the quotient hyperelliptic 
surface. Since \p\ > 1 at any point for fixed t, i^' 7^ everywhere. If 
there were a compatible metric, then the fundamental forms + iF'^+^ 
obtained as in Example 2 would provide a trivialization of the canonical 
bundle, which is an absurd because the canonical bundle of a hyperelliptic 
surface is not topologically trivial. 
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6 Null-planes of 4-dimensional pseudo-biher- 
mitian metrics 



In this section we show that under a mild restriction a naturally defined 
null-plane distribution on a positive pseudo-bihermitian 4-manifold M de- 
termines a local Engel structure. Recall that an Engel structure is by 
definition a 2-dimensional distribution 2) on a 4-manifold M such that 
ranfc[D, 25] = 3 and rank^D, [D, 2)]] = 4 at each point of M. These struc- 
tures have been actively investigated recently (see the introduction in [28] 
for an overview). They admit canonical coordinates and are preserved by 
small C^-deformations. The global existence of an oriented Engel structure 
on an oriented compact manifold leads to triviality of its tangent bundle. 
Moreover, Vogel [28] showed that the converse also holds - any paralellizable 
4-manifold admits such a structure. 

Let (M, (yf,J+,J_) be a pseudo-bihermitian 4-manifold with J+J_ + 
J_ J+ = 2pld. Let and 9± be the Kaher and the Lee form of {g, J±), 
respectively. Suppose that the pseudo-bihermitian structure is defined by 
a (twisted) generalized pseudo-Kahler one. Taking the Hodge-dual 1-forms 
the condition d^F'^ + d^F^ = becomes 6^ + 9- = 0. 

If we set K = [J+, J_]/2a/p^ — 1 as above, then = Id and K ^ ±Id. 
Moreover, g{KX,Y) = ~g{X, KY), in particular the eigenspaces of K 
consists of isotropic vectors. 

Lemma 9 For the endomorphism N± = + {p ± ^yp'^ — 1)J_ ofTM, we 
have Ker N± = Im N± = =p 1-eigenspace of K . 

Proof: It is easy to see that = Id and Ker n Ker N_ = {0}. 
Moreover, 

-KJ+ = J+K = , ^ J+ J_, 

1 v 
-KJ^ = J^K = J+ J_. 

It follows that if %± is the ±l-eigenspace of K, then X_ C Ker and 
X+ C KerN_. Hence dim Ker N± > 2. This implies the lemma since the 
kernels of and are transversal and the dimension of the ambient 
space is 4. q. e. d. 
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Set = A^_, f = p — \/p^ — 1 and denote the vector field dual to Q± 
w.r.t. g by the same letter. For the Levi-Civita connection we have [5]: 

i{VxJ±)Y = g{x, Y)j^e^ + g{j^x, Y)e^ + J±r)x - e±(r) J±x 

and therefore 

2{VxN)Y = g{X, r)( J+ - fj^)9+ + giiJ+ - fJ-)X, Y)9+ 

- fJ-)Y)x - e^{Y){j+ - fj,)x + 2X(/) j.r 

since 9^ = —6^. Also p = —l/2g{J^, J_) = l/4tr(J+ o J_) and we get by 
dS]) that 

1 



dp = -e^ o [J+, J_] = v/p2 - 19+ o K (24) 
Set X = {J+ + fJ-)e+ and F = 0+ + KO^. Then X, F G iTer A^ and 
g{X,X) = g{Y,Y)=0, 

g{X, Y) = g{X, J+X) = g{Y, J+Y) = 0, (25) 
g{J+X,Y) = ip - l)\e+\' = 2{fp-l)\e+\\ 

Assume that \9+\ ^ 0. Then X, F, J+X, J+F is a basis of the tangent space 
at each point. We have also that 

g{B+, J+J-e+) = gi9+, J-J+e+) = -g{J+e+, J_9+) = p\9+\^ 

j+j^ -2p + -fe+ + j+j_e+ (26) 



Y = 9, 



2^p' - 1 



Now i^xX)y - (VyX)X = -NVxY + XVyX = -X[X, Y\ since XX = 
NY = 0. To compute X[X, Y] we use the fact that J+X = - fJ-X, J+Y = 
-fJ-Y. Hence by ([23D and ([25]) we have 

2\e+\-\VxN)Y = 2{f - 1)6+ - 2J+X = -2f^p^ - lY 

since e+{J+Y) = g{J+Y, 9+) = by ([26D, ^+(r) = l^+p and, in view of 
and LemmaEl X(/) = f9+{KX) = fe+{X) = fg{X,e+) = 0. Similarly 

2\e+\-\VYN)X = -2{f - 1)6+ + 2{fp - 1)Y - 2/J_X 



2{fp + fVp^-l-l)Y = 
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since e+{x) = 0, o^j+x) = g{-e+ + /J+J_e+, 0+) = -\e+\^ + fp\e+\^ by 

m and Y{f) = fg{ Y,e^) = f\e^\^ 

So A^[X, Y] = f^p"^ - l\e+\'^Y. We can easily check that NJ+ + J+iV = 
2{pf - l)Id. Then NJ+Y = 2{pf - 1)Y so [X,Y] e ^pan(X, F, J+F). 
Define a distribution on Af setting 

V = Span{X,Y). (27) 

It is clear that ran A; [2), D] = 3. If N[Y, J+Y] has a non-zero J+X- component, 
then ranA;[[D, D], 2)] = 4, so D is an Engel structure. To find the J+X- 
component of N[Y, J+Y] we first observe that (VyX)F = 0, so VyF G 
Span{X,Y}. We have also that 2(VyJ+)F = -^+(r)J+F = 
Since (Vy J+)F = Vy J+F - J+VyF, then VyJ+F G Span{J+X, J+Y}. 
Moreover, the J+X- component of Vy J+F is equal to the X-component of 
VyY. On the other hand we have 

2(Vj^yX)F = -0+(F)(J+ - fJ-)iJ+Y) = 2pf\9+\'Y 

since (J+ - fJ-)J+Y = J+{J+ + fJ_)Y - 2pfY = -2pfY. SoXV j+yF = 
-pf\9+\'^Y and Vj+yF G Span{X,Y, J+Y}. Then [F, J+F] = VyJ+F - 
V j_^yF has a nonzero J+X-component iff VyF has a nonzero X-component. 
As a result we have: 

Theorem 10 Let {M, g, J^, J_) be a (twisted) generalized pseudo-Kdhler 
4-manifold with non-null Lee forms 6^ = —9^ and such that J_|_ ^ ±J_ 
at each point of M . Then either the flow of Y = 6^ + K6- consists of 
null- geodesies, or the distribution D defined by (2^ is an Engel structure 
on M. 

For the proof, notice that VyF G Span{X, F} and if its X-component 
vanishes, VyF = FY which in turn means that the flow of F is geodesic. 
Lets note flnally that if p = const, the distribution T) is integrable. 
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